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Figure 7: (Continued)

Note: Actual fertility schedules are depicted by thick light lines, and projected schedules are expressed by
dark squares. Points lying to the left of the vertical broken lines are observable in the data range. Units
on the vertical axis represent live births per thousand women.
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Figure 8: Performances of the APC-KP’s, the Evans-35’s, and the Naive’s
schedule projections in 40 samples

Note: Numbers on the horizontal axis denote the cohorts that were at age 24 in the last year of each sample.
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6. Summary and conclusions

In this article, we develop a new framework in completing incomplete cohort fertility
schedules, and the strategy adopted in the proposed method differs in essence from that
in previous studies. In order to forecast incomplete fertility schedules, the traditional
strategy is to utilize information contained in the existing ASFR data set to estimate
the parameters of a particular underlying structure, and thereby to produce age-specific
forecasts outside the data range. The cohort fertility level (i.e., the CTFR) is then simply
a product generated from the projected schedule, as are estimates of other distributional
parameters. On the contrary, we treat the CTFR as a crucial input for projecting the
unknown ASFRs.

Specifically, we propose a simple age-period-cohort model to decompose age-specific
fertility rates into age, period, and cohort effects. Empirically, our experiment indicates
that the period effect is the key to transforming a fertility level into a fertility schedule;
once the actual fertility levels of cohorts who have not finished childbearing are known,
their incomplete fertility schedules can be estimated extremely well. In this paper we
suggest that the smoothed version of tempo-variance-adjusted total fertility rates proposed
in Kohler and Philipov (2001) can provide useful information on the fertility quantum,
and the collaboration between our APC framework and the smoothed KP outperforms
the rival methods, including the Naive approach, the Coale-McNeil and the Hadwiger
curve fitting models, the Lee-Carter method, the Willekens-Baydar method, and the
Evans methods, in approximating the incomplete cohort fertility schedules and other
distributional parameters. All empirical results presented in this paper are fairly robust
for we make efficient use of the 1917–2005 U.S. data. As an emphasis, our approach is
easy to implement and the data requirement is relatively light, indicating that the proposed
method is readily applicable to countries whose data lengths are not sufficiently long.

The success of our method in forecasting incomplete cohort fertility might lead us to
make a bold suggestion that future research along these lines purely and simply focus on
the projection of quantum. In this paper we exemplify the smoothed KP as a possible
substitute for the CTFR. Readers are more than welcome to suggest other alternatives to
collaborate with our APC framework. While the quadratic locus specification imposed to
reveal the unknown period effects indeed works well in this article, we have noted that its
specification is still somewhat ad hoc. It would be interesting to see if we can find other
possible specifications and obtain better results.

As is well known, population, social and health policies (such as pronatal intervention,
family aid programs, tax reductions, pension benefits and elder care programs) might
influence the formation, composition, and dissolution of families. On the other hand, the
effects of these policies might be influenced by kinship patterns. Using the proposed
APC-KP method to forecast the incomplete cohort fertility schedules would improve
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understanding of how the fertility behavior develops over the life course and what our
future kinship patterns look like, thus providing governments with a sound basis for
making policies from a cohort perspective. In addition, as Bongaarts and Feeney (2006)
extended their previous method developed in 1998 to life-cycle events (first marriage
and death) other than birth, our methodology possesses the same potential in extending
the scope of application to all life-cycle events. For each event, one can apply the
same framework, maybe with a few adjustments, to obtain cohort schedules and the
corresponding estimates of distributional parameters. Furthermore, these cohort-specific
estimates regarding various life-cycle events (such as human capital investments, labor
force participation, marriage, fertility, divorce, retirement, and so forth) might be
incorporated into empirical research on their causal relationship.
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Appendix 1

Let g(a, c) represent the ASFR at age a for women born in period c. The life-cycle pattern
in timing the arrival of their children can be viewed as a function of the average number of
children born to them throughout their reproductive years. The CTFR for cohort c equals

CTFR(c) =
∫

g(a, c)da (9)

and the relative age distribution of fertility is denoted by g(a|c) = g(a, c)/CTFR(c) so
that

∫
g(a|c)da = 1 and

g(a, c) = g(a|c) CTFR(c). (10)

Furthermore, we specify g(a|c) as the product of two components:

g(a|c) = h1(a) h2(a, c), (11)

where h1 contains only the variable a, and h2 contains nothing else but all interaction
terms between a and c.23 By substituting Equation (11) into Equation (10) and taking
logs, we have

ln g(a, c) = ln h1(a) + ln h2(a, c) + ln CTFR(c). (12)

The problem that arises here is whether there is a simple and intuitive way to specify the
interaction term ln h2. Since g(a, c) = f(a, p) also denotes the ASFR for women aged a
in period p = a + c, a function of p can in effect capture most interaction between a and
c, with a minor limitation that symmetric terms (such as a2c and ac2) share a common
coefficient. Specifically, since any continuous function of p can be approximated by a
polynomial using Taylor’s expansion, all expanded terms from pn = (a + c)n, except for
an and cn, are products of a and c with various power combinations. As a consequence,
the period term can be viewed as a structured (but incomplete) interaction between the age
and the cohort terms. Unless the aforementioned limitation is severely violated, ln g(a, c)
can be decomposed in another way:

ln g(a, c) = H1(a) + H2(p) + H3(c)
or g(a, c) = exp [H1(a) + H2(p) + H3(c)] (13)

to replace that in Equation (12), where H1, H2, and H3 denote the age, period, and cohort
effects, respectively. Note that there is no one-to-one correspondence for components in
Equations (12) and (13).24

23 It is of no use specifying another component containing only the variable c since
∫

g(a|c)da = 1 must hold
for all c.
24 For example, if H2(p) = p3 = a3 +3a2c+3ac2 + c3 in Equation (13), then the a3 term will be attributed
to ln h1(a), the c3 term to ln CTFR(c), and the 3a2c + 3ac2 term to ln h2(a, c) in Equation (12).
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Appendix 2

To show that the choice of identification strategy is irrelevant to the forecasting purpose,
consider two alternative data generating processes:

ln f(a, p) = H1(a) + H2(p) + H3(c) (model 1)

and

ln f(a, p) = [H1(a) + ka] + [H2(p)− kp] + [H3(c) + kc] (model 2)

where k is any real number. Since p = a + c, there is no way to distinguish between
model 1 and model 2 in the data, which is the standard APC identification problem.

Suppose that we know the value of f(a, p) for cohort p−a at age a. Since one can
always identify H1, H2, and H3 up to the choice of k, suppose that we also know the
functions H1, H2, and H3, but that we do not know k. The projected value of ASFR
f(a+t, p+t) for t periods beyond the data range can thus be obtained according to model
2:

ln f(a+t, p+t) = [H1(a+t) + k(a+t)] + [H2(p+t)− k(p+t)] + [H3(c) + kc]

which is equivalent to that according to model 1:

ln f(a+t, p+t) = H1(a+t) + H2(p+t) + H3(c),

indicating that the prediction does not depend on the choice of k. As a consequence, one
may choose one’s favorite way to solve the identification problem without affecting the
forecasting outcomes.
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