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where xf̂  is the estimated fertility rate at age x and   fx   is the empirical one.  

It is generally accepted that for graduation purposes where it is important to bring 
out the structure of the underlying ‘true’ curves by removing the effects of random 
variations, weighted least-squares with weights equals to the reciprocals of the 
estimated variances of the ungraduated rates is the most efficient curve fitting procedure 
(Hoem, 1976).  

In our case, the weights are not really appropriate because the variances are 
essentially zero. According to Berge (1974b), Hoem (1976), Hoem et al. (1981) if 
weights are used then the fits are occasionally nice, but systematic deviations exist in all 
data sets used. The reason is that the weighting procedure gives too much attention to 
the low fertility in the tails, particularly at the high ages in the upper tail and too little 
attention to the high fertility ages in the middle.  

 
 

5. Evaluation and results  

In order to evaluate the models proposed we fit these as well as models that have 
already been tested in the literature, to different empirical data sets. For populations 
where there is no apparent early-age hump, we compare Model 1 with the Hadwiger, 
the Gamma and the Beta models (Chandola et al., 1999; Hoem et al., 1981) as well as 
with a quadratic Spline model (Schmertmann, 2003). In the case of distorted fertility 
distributions we compare the Hadwiger Mixture model (Chandola et al., 1999; 2002) 
and the mixture Models, namely, Model 2 and Adjusted Model 2. 

To avoid heterogeneity we fit the models to data differentiated by order of birth. 
For the same purpose, we also fit the models to both cohort and period data sets. Finally 
in the case of the US, we fit the models for the white and the black population 
separately. 

All functions are fitted by means of a non-linear least-squares procedure and a 
Gauss-Newton optimization scheme. The Matlab built-in routine for non-linear 
parameter estimation “lsqnonlin” is used in order to find the unconstrained minimum of 
the unweighted residual sum of squares. The quadratic Spline estimates are obtained 
using the program provided by Schmertmann (2003) at the web page 
http://mailer.fsu.edu/~schmert/qsfit/qsfit.html  

In the literature it has been a subject of long discussion about whether a period or a 
cohort approach should be adopted in the study of fertility. In addition the advantages 
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and disadvantages of both approaches have been pointed out. It is accepted that period 
measures of fertility are subject to compositional and distributional ‘distortions’ such as 
those from flux in marital and parity composition and tempo effects. Although there 
have been made suggestions for correcting the distortions of the period measures 
(Bongaarts and Feeney, 1998; Kohler and Philipov, 2001; Kohler and Ortega, 2002; 
Ryder, 1964; 1980), cohort fertility measures which are free from these effects are of 
primary importance in demographic analysis. On the other hand cohort measures have 
the disadvantage that they cannot be evaluated until the life course processes of the 
events are completed and therefore they do not provide information on the current 
situation of uncompleted phenomena.  

Our applications are mostly based on period data while cohort data are also used 
when available. We consider important to evaluate the models in period data since the 
period approach enables to examine and evaluate recent developments of demographic 
events as well as comparative analyses of these. In addition period data are readily 
available for analytical purposes, whereas cohort data frequently remain incomplete and 
difficult to reconstruct. Another reason for using period data is that cohort approach is 
by definition concerned with a longer-term development, as cohort trends and 
differences are accumulated during relatively long periods of time.  

Therefore period single-year age-specific fertility rates for the populations of 
Denmark, Sweden, Norway, Greece, Spain, UK, and Ireland for the years 1975 to 2000, 
of Belgium for the years 1975 to 1997, of Italy for the years 1975 to 1996 and 1998 to 
2000 respectively are used. The empirical data were obtained from Eurostat New 
Cronos database. Additionally single-year age-specific fertility rates for the US were 
derived from the 2003 Natality Data Set, obtained after request by the US National 
Centre of Health Statistics. Cohort data were used for Spain for the generations born 
from 1942 to 1963, which were obtained from the Eurostat New Cronos database. It 
should be noted that even for cohorts not yet completed, Eurostat provides estimates of 
the fertility rates for older women by using the rates observed for previous generations, 
without waiting for the cohort to reach the end of the reproductive period. Parity-
specific birth rates were computed as occurrence exposure rates based on parity in 
marriage. 

The results of our analyses are shown in Appendices A and B. More specifically in 
Appendix A, we provide the values of the estimated parameters of the evaluated models 
in Tables 1 to 10. While the residual sums of squares are given in Tables 11 to 13. 
Regarding the estimated parameters it is a common approoach to report standard errors 
of the estimated parameters for evaluating their significance. However we consider that 
the estimation of the variability of the parameters of the models by using asymptotic 
standard errors, is necessary in the case we make comparisons over time and space or 
for forecasting purposes. In this paper we do not report standard errors of the estimates 
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since we do not study the evolution of fertility over time. Furthermore the classical 
asymptotic standard errors provided by statistical software can be quite misleading 
since they carry out systematic errors. An alternative solution in order to overcome the 
problems related to the calculations involved in asymptotic standard errors is to 
estimate the standard errors of the parameters of the evaluated models by utilization of a 
bootstrap approach as described in Karlis and Kostaki (2002).  

Furthermore, the empirical and fitted age-specific fertility rates for selected data 
sets for different countries are depicted in Figures 1 to 10 in Appendix B.  

For both period and cohort data sets we compare the Hadwiger function, the 
Gamma and Beta models, as well as Model 1 for populations that do not show 
enhanced early-age fertility. In the case of distorted fertility patterns we fit the 
Hadwiger Mixture model as well as Model 2. Furthermore in the case of the US we also 
evaluate the Adjusted Model 2. In the sequence we describe the results of our analyses. 
Initially we refer to the results that concern period data, and then we evaluate the results 
for cohort data. Finally we present the results when fertility is differentiated by order of 
birth and by ethnicity of the mothers.  

In cases of non-enhanced early-age fertility Model 1 and the Beta model provide 
the best fits for the majority of the cases examined. More analytically for Sweden, 
Denmark, Norway, Belgium, Greece and Italy, Model 1 provides the best fits among 
the Gamma, Hadwiger and quadratic Spline models. Considering the values of the 
minimization criterion at the exit of the estimation procedure, given in Table 11 we 
observe that Model 1 provides closer fits than the Beta model for most of the data sets 
although the later requires the estimation of more parameters. The quadratic Spline 
model provides quite reliable fits. In most cases, it provides better fits than the Gamma 
and the Hadwiger models. However in some cases such as the population of Sweden for 
the year 1996, the Spline model tends to underestimate the data above age 40. The 
Gamma and the Hadwiger model according to the values of the residual sum of squares 
(Table 11) provide the less successful fits among all the models examined. The only 
exception is the case of Belgium where the Gamma model gave the best fits for years 
prior to 1990. 

A remarkable observation is that for some countries such as Norway and Sweden 
for years after 2000, the models mentioned above fail to adequately represent fertility at 
early ages, which implements the existence of enhanced early-age fertility. As it is 
demonstrated in the sequence, even for these countries, mixture models such as Model 
2 and the Hadwiger Mixture model are required for fitting the single-year age-specific 
fertility distribution.  

It is noteworthy that the Beta model gave better results than the Gamma for most 
of the cases examined, in opposition with the results presented by Hoem et al. (1981). 
In fact in an overview of curve fitting techniques Hoem et al. (1981) concluded that the 
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Coale-Trussell (1974) and the Gamma models perform equally well. On the contrary 
they have rejected the Beta model since it gave very disappointing results namely the 
worst results among all the models they examined. However they have mentioned that 
the disappointing results obtained for the Beta density were due to the fact that the 
computer runs did not result in a real least-squares approximation of the beta density 
but only gave a local minimum. The authors argued that by refining the number of 
iterations the Beta model resulted in the better fits among all models tested apart from 
Splines. In our calculations the Beta model, as already mentioned, is among the models 
that provide very reliable fits in the majority of the cases. Furthermore it is worth 
mentioning that in the literature the parameters βα ,  have been interpreted as the lower 

and upper age limit of fertility. However in our results the values of the estimated 
parameter β  has in many cases a value greater of 100, as shown in Tables 2 and 4, 

which of course cannot be interpreted as the upper age limit of fertility. Hoem et al. 
(1981) have also mentioned that in their applications the estimated value of β  was 204 

which demonstrates that the interpretation of this parameter as the upper age limit of 
fertility is untenable.   

In a more thorough evaluation of the above results one can mark that for the year 
2000, Denmark, Sweden, Norway and Italy show a slight hump at early-ages fertility 
rates. This new pattern of enhanced early-age fertility cannot be captured by the models 
that have previously been described. Therefore we also evaluate Model 2 and the 
Hadwiger Mixture model. These models provide an improved fit at the early ages of 
fertility. Mixture models are also used for fitting the age-specific fertility distributions 
of the UK, Ireland, Spain and the US. Generally the Hadwiger Mixture model and 
Model 2 provide equivalent successful fits to the empirical data. However in the case of 
the US, these models cannot provide adequate fits. Therefore we also evaluate the 
adjusted version of Model 2. This model provides very close fits of the US fertility 
schedules. The values of the minimization criterion are given in Tables 12 and 13. 
While a graphical illustration of the results is given in Figures 2 and 3 respectively.   

For cohort data we observe that simple models can adequately fit the age-specific 
fertility curves of the various populations until 1950. According to the values of the 
minimization criterion, among the models evaluated here, Model 1 provides the best 
fits. Second best are the Beta and the Gamma models. The quadratic Spline model is the 
one that provides the less successful fits. However we observe that these models cannot 
adequately describe the fertility curves of populations after 1950 because a hump is 
apparent at early ages of fertility. Therefore it becomes obvious that a mixture model is 
required for representing the age-specific fertility curves of these populations. To this 
end we evaluate the Hadwiger Mixture model as well as Model 2. Both models give 
equivalent results as shown in Figure 4 (b), while the smallest value of the minimization 
criterion is always obtained by Model 2.  
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In the sequence in order to avoid heterogeneity we examine age-specific fertility 
patterns by birth order and by ethnicity when such data are available. From Figures 5 
(a), 5 (b), and 6 (a), it is quite revealing that the age-specific fertility rates of first and 
second births of Spain, Ireland and the US are also characterized by a strong 
heterogeneity. We observe that the age-specific fertility distributions of first and second 
births of Ireland and Spain are curves with two humps, one at earlier ages and the other 
at later ages of fertility. In the case of the US it is remarkable that the age-specific 
fertility distribution of second births is a flat-topped distribution. This distinctive age-
specific fertility rates profile has also been observed for the fertility distribution of total 
births during the 1990’s (Chandola et al., 2002). The specific fertility curve may be an 
extreme form of a pattern distorted by substantial young-age fertility. Fertility schedules 
by ethnicity for the US are presented in Figure 6 (b). We observe that the pattern of 
total births is influenced by the fertility schedules of white population which is quite 
heterogeneous and is characterized by two humps corresponding to early age and late 
age fertility. Furthermore it is clear that American Indian and Black people give births 
at earlier ages than White. Therefore it is obvious that fertility data differentiated by 
order of birth and ethnicity also exhibit heterogeneity and therefore a mixture model is 
required for describing their patterns. Both Model 2 as well as the Hadwiger Mixture 
model provide equivalent results in the cases of Spain, Ireland and the UK. The 
observed and estimated age-specific fertility rates are depicted graphically in Figures 7 
(a) and 8 (a) for first births and in Figures 7 (b) and 8 (b) for second births. The values 
of the minimization criterion are given in Table 12. As shown in Figures 9 and 10, in 
the case of the US population, Model 2 and the Hadwiger Mixture model cannot 
adequately describe the age-specific fertility pattern differentiated by birth order or by 
race. Therefore in these cases we also fit the adjusted version of Model 2 which requires 
the estimation of an additional parameter as described in Section 4. We observe that the 
Adjusted Model 2 provides very good fits of the US fertility pattern either in the case of 
total fertility or to fertility differentiated by birth order. Furthermore this model can 
adequately describe the US fertility pattern differentiated by the ethnicity of the mother.  

In the literature this distorted fertility distribution has been observed mostly for 
some English-speaking countries such as Ireland, the United Kingdom and the US 
(Chandola et al., 2002). The distorted fertility distribution has arisen since the 1970’s in 
United Kingdom and in the 1980’s the Irish Republic, while the US fertility pattern has 
acquired a more distinctive pattern by the 1990’s (Chandola et al., 2002).  From our 
analyses we reveal that this pattern of early-age fertility becomes obvious in other 
European countries too, such as Denmark, Norway, Sweden, Italy and Spain. This 
phenomenon starts around 1985 for Spain while it becomes very strong around 2000. 
Regarding Scandinavian countries the early-age fertility has arisen in the 1990’s while 
it becomes more intense after 1998.  
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Our findings imply that there is a strong evidence of heterogeneity in female 
populations.  It should be exceptionally interesting to identify and describe the sources 
of heterogeneity in fertility. In the literature it has been stated that this heterogeneity in 
is closely related to teenage fertility most of it non-marital for the UK and Ireland 
(Chandola et al., 1999). It has been cited that apart from the UK and Ireland there are 
other European countries with high proportions of birth outside marriage such as 
Sweden and Denmark which do not show this hump at the early ages of the fertility 
curve. Chandola et al. (1999) mentioned that this may be explained for countries such 
as Sweden and Denmark, since these populations do not show big heterogeneity with 
respect to the timing and volume of non-marital fertility; they do not have the 
exceptionally high teenage fertility rates of the UK and Ireland and furthermore 
individuals or cohabiting couples producing births outside marriage are behaving 
demographically more like married couples. Moreover according to Chandola et al. 
(1999), in populations where the fertility distribution is fitted by a simple model the 
behaviour characterized by births outside marriage has been adopted by the mainstream 
of society in such a way that there is not much difference between the mother‘s 
characteristics for marital and non-marital births. While for populations requiring a 
mixture model, the adoption of extramarital fertility has made the society more 
heterogeneous in respect of fertility characteristics. However we observe from our 
empirical investigations that this distorted fertility distribution has arisen recently even 
for populations such as Denmark, Sweden and Norway and therefore an additional 
explanation of it is required. In the case of the US an important factor which may 
account for the marked heterogeneity is the difference in fertility between different or 
racial groups and in particular the differences in the timing of births between these 
groups (Chandola et al., 2002). 

It is remarkable that the pattern of first births also exhibits a strongly intense hump 
at younger ages. This heterogeneity is also apparent in the US fertility schedules 
differentiated by ethnicity of the mother. Therefore the heterogeneity present in these 
countries might not only attributed to marital status, ethnic differences or birth order but 
other factors should be taken into account such as the educational, social and 
economical ones.  

In order to explain this heterogeneity, different hypotheses in each country 
separately should be tested based on the country’s sociopolitical and historical 
background. More specifically regarding Ireland where a strong evidence of 
heterogeneity is apparent even for first and second births, it should be taken into 
account the fact that catholicism is very powerful in Irish population. Although the 
abortions are legal, the Catholic Church doesn’t allow them. Regarding the UK, the 
heterogeneity in fertility may be to some extent to marital and non-marital fertility 
(Chandola et al., 1999). Another factor that may be related to the distorted fertility 
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pattern is that the percentages of low educated young females that leave below the 
poverty level as well as of ‘solo’ mothers are high in the UK.  

In Spain enhanced early-age fertility is also observed for first births, which implies 
a strong heterogeneity in female population. However given that out-of-wedlock 
childbearing is still relatively rare, pre-marital cohabitation is not wide-spread and there 
is a strong tendency with late home-leaving and late union-formation (Kohler et al., 
2006; De Sandre, 2000; Delgado and Castro, 1998), heterogeneity in Spanish fertility 
should be associated to a great extent to the growth of immigrant populations from 
third-world origins with higher and earlier patterns of fertility compared with those of 
the indigenous populations. Religiosity may also contribute to the existence of a 
distorted fertility distribution in recent years in Spain. Adsera (2004) found that in 
Spain according to the 1985 Spanish Fertility Survey (SFS) family size was similar 
among practicing and non-practicing Catholics. A decade and a half later, according to 
the 1999 SFS, practicing Catholics portrayed significantly higher fertility than others. 
Furthermore the small group of conservative Protestants and Muslims has the highest 
fertility in Spain (Adsera, 2004).   

In Scandinavian countries, heterogeneity in fertility could also be associated to the 
second generation immigrants from Arabic and Eastern countries.  

Finally in the case of the US an important factor which may account for the 
marked heterogeneity is the difference in fertility between racial groups and in 
particular the differences in the timing of births between these groups (Chandola et al., 
2002). In general Black and Hispanic mothers begin childbearing earlier than do non-
Hispanic whites and they have much higher proportions of births outside marriage. The 
fertility pattern for the white population is also heterogeneous. Chandola et al. (2002) 
stated that this is not only due to the growing proportion of births outside marriage but 
also due to substantial number of Hispanic births within the white group. However we 
consider that religion, as well as the educational and the social status of mothers may 
also be a source of heterogeneity in the US fertility distribution. In a recent study Frejka 
and Westoff (2006) state that religion play a more important role in the lives of 
Americans compared to Europeans. The only exceptions are Ireland and Italy, where 
religiosity is similar to that of the US.  

As mentioned above a variety of factors related to the socioeconomic and cultural 
background of mothers may contribute to the appearance of the heterogeneity in 
fertility. However in order to be able to verify or reject all these hypotheses about 
heterogeneity in fertility it is required further research based on empirical evidence.  
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6. Conclusions  

Many models have been proposed for modeling fertility schedules but little interest is 
shown in fitting low-fertility schedules of modern populations. In addition a new 
distorted fertility pattern has arisen the recent years for many populations characterized 
by a bulge at early fertility ages. Most of the models existing are inadequate for 
describing this phenomenon.   

In this work, three versions of a parametric model are proposed in order to 
describe the typical pattern as well as the new one. Model 1 describes the fertility 
pattern in populations that do not show high early age fertility while Model 2 and its 
adjusted version are useful for populations that show the new distorted fertility pattern.  
In order to evaluate the adequacy of the models proposed, we fit the three alternative 
formulae to a variety of period and cohort data sets of several populations. Furthermore 
we compare these with other models already existed. Finally in order to avoid 
heterogeneity we also fit the models to data differentiated by order of birth and, where 
such data were available, by race.  

For both period and cohort data, Model 1 provides the best fits among the models 
considered for the majority of the cases while the Beta model performs equally well. 
Thus Model 1 proves superior since it includes fewer parameters than the Beta Model.  
For period data, the quadratic Spline model gave sufficient fits but it many cases it 
underestimated the ends of the fertility curve. In the case of cohort data the Spline 
proves less sufficient than the other models. The Hadwiger and the Gamma models 
provided the less successful fits for most of the data sets used, for both period and 
cohort data. The only exception is the case of period data for Belgium where the 
Gamma model gave the best fits for years prior to 1990. 

Regarding Model 2 and its adjusted version, used for describing populations with 
enhanced early-age fertility, both provide successful fits of the distorted fertility 
schedules, equivalent to the ones provided by the Hadwiger Mixture model. Although 
both Model 2 and the Hadwiger Mixture model require the same number of parameters 
to be estimated, the model we propose is much simpler and easier to interpret. Its 
parameters have an explicit demographic interpretation. Whilr the estimated parameters 
can easily be utilized for understanding the shape of the fertility pattern and for 
comparisons through time, place, cohorts, population’s subgroups and order of births. 

An interesting finding of our analysis is that the patterns of early-age fertility, 
previously confined to a few mostly English-speaking countries, are now more widely 
distributed in Europe. This phenomenon is quite intense in data sets for Spain while it 
appears at a modest level so far for other European countries such as Scandinavian 
countries and Italy. This finding contradicts with the hypothesis of Chandola et al. 
(1999) that the behaviour related to births outside marriage has been adopted by the 
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mainstream of society for countries with high proportion of non-marital births such as 
Denmark, Norway and Sweden. In the case of Spain a possible explanation that needs 
further research is that the population has been heterogeneous due to the growth of 
second generation immigrant populations from third-world origins with still higher and 
earlier patterns of fertility compared with those of the indigenous population. Other 
factors also may be associated to the strong heterogeneity present in Spain such as the 
educational level and the economic status as well as the religiosity of the mothers. 
Regarding Ireland the strong Catholicism may be associated with the heterogeneity in 
recent populations. In the case of the UK the great heterogeneity may be associated to 
the fact that there is a great majority of solo mothers as well as with the low educational 
level of mothers. Furthermore it becomes obvious that the US is characterized by a 
distinctive age-specific fertility pattern which implies a great heterogeneity in the 
female population. 

Another finding is that for countries with enhanced early-age fertility the  pattern 
of first births also exhibits a strongly intense hump in younger ages and even stronger 
than the pattern of total fertility. Furthermore the fertility pattern of the US when 
differentiated by the ethnicity of the mother is quite heterogeneous. This fact provides a 
strong evidence of heterogeneity in the female populations associated not only to the 
marital status, race and birth order but also to the educational level, social and economic 
status as well as the religiosity of the mothers.  
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Appendix A 

Table 1: Period data: Parameter estimates of Model 1; Hadwiger Model 
 

 Model 1   Hadwiger Model  

 
1c  µ  11σ  12σ  a

 
b

 
c

 
Sweden        
1996 0.12 28.28 6.51 8.43 0.91 3.85 29.78 
2000 0.12 29.49 7.08 7.69 0.87 3.99 30.44 
Norway        
1992 0.14 27.50 6.76 8.24 1.08 3.69 28.86 
2000 0.14 29.08 7.46 7.75 1.05 3.79 29.95 
Denmark        
1992 0.15 27.92 6.09 7.46 0.99 4.16 29.09 
2000 0.15 29.53 6.75 6.98 0.99 4.30 30.25 
Belgium        
1993 0.14 27.29 5.74 7.04 0.89 4.31 28.39 
1995 0.14 27.72 5.74 6.85 0.86 4.44 28.71 
Greece        
1995 0.09 27.08 6.71 8.37 0.75 3.63 28.53 
2000 0.09 28.98 7.87 7.72 0.72 3.66 29.73 
Italy        
1995 0.09 29.41 7.17 7.75 0.672 3.95 30.36 
2000 0.09 30.82 8.14 7.16 0.69 3.97 31.17 
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Table 2: Period data: Parameter estimates of Gamma Model;  
 Beta Model; quadratic Spline Model 
 

  Gamma   Beta     

 R  b  c  d *10-4 R  α  β  ν  2
τ

 
Sweden          
1996 1.61 30.27 0.97 8.67  1.61 4.22 102.75 16.77 48.81 
2000 1.60 27.73  1.09 20.42 1.54 1 102.59 22.12 55.32 
Norway          
1992 1.91 28.10 1.02 9.88 1.91 1.24 115.57 19.88 63.63 
2000 1.87 29.55 1.01 3.49*10-3 1.86 1.01 63.576 15.33 18.59 
Denmark          
1992 1.76 35.44 0.82 1.43*10-2 1.76 2.53 103.76 22.02 62.99 
2000 1.76 37.46 0.82 1.29*10-3 1.76 1.01 96.481 24.52 56.59 
Belgium          
1993 1.59 37.81 0.74 6.68 1.58 2.79 122.12 24.39 90.59 
1995 1.53 40.09 0.71 1.28 1.52 2.12 111.51 26.28 83.03 
Greece          
1995 1.32 27.21 1.04 6.1 1.32 1.78 134.15 19.24 77.41 
2000 1.27 27.41 1.07 4.2 *10-3 1.27 1.01 91.435 18.17 40.07 
Italy          
1995 1.19 31.74 0.95 1.72 1.18 1.06 104.03 21.65 55.59 
2000 1.25 31.75 0.97 2.06 1.24 1.01 52.46 12.87 9.75 
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Table 2: (Continued) 
  
 

 quadratic Spline Model

 R
 

α
 P

 
H

 
Sweden     
1996 0.12 15.55     29.71    35.56     
2000 0.12     15.36     30.82    36.17     
Norway     
1992 0.14     14.37  28.87     34.61     
2000 0.14     14.22    30.32     35.77     
Denmark     
1992 0.15     16.16     29.32    34.49     
2000 0.14     16.13   30.86     35.71     
Belgium     
1993 0.14     16.34  28.64    33.54     
1995 0.13     16.73   29.07    33.82     
Greece     
1995 0.09    14.16     28.37    34.28    
2000 0.09     13.27   30.15    35.64     
Italy     
1995 0.09     15.09   30.73     36.12     
2000 0.09     14.15   31.98    37.02    
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Table 3: Cohort data: Parameter estimates of Model 1; Hadwiger Model 
 

 Model 1    Hadwiger Model  

 1c  µ  11σ  12σ  a
 

b
 

c
 

Spain        
1942 0.22226 25.45 4.5792 9.3192 1.5497 3.8729 28 
1963 0.10801 28.823 9.0866 7.7493 0.90669 3.3022 29.23 

 
 
 
 
 
 
 
 

Table 4: Cohort data: Parameter estimates of Gamma Model;  
Beta Model; quadratic Spline Model 

 

  Gamma Model  Beta Model    

 R   b  c  d  R  α  β  ν  
2

τ
 

Spain          
1942 2.75 10.001 1.62 11.89 2.74 14.63 371.14 6.61 166.04 
1963 1.67 21.93 1.38 0.004 1.59 1.002 49.82 9.49 7.59 

 
 

 quadratic Spline Model  

 R
 

α
 P

 
H

 
Spain     
1942 0.22 17.03     26.96 33.45 
1963 0.11 10.58    29.69   35.39   
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Table 5: Period data: Parameter estimates of Hadwiger  
 Mixture Model and Model 2 
 

 Hadwiger Mixture Model  
 

  

 R  a  b  c  d
 

e  

UK       
1992 1.06 1.45 2.41 32.62 4.36 40.89 
2000 0.94 0.29 4.64 21.88 4.59 31.40 
Ireland       
1995 1.05 0.15 5.16 21.85 4.74 31.84 
2000 1.09 0.23 4.41 22.84 5.19 32.83 
Spain       
1999 0.68 0.19 3.67 24.26 5.59 32.29 
2000 0.71 0.19 3.82 24.01 5.61 32.38 
US       
2003 1.17 0.37 4.42 21.74 4.37 30.81 

 
 

 Model 2      

 1c  1m  1σ  2c  2m  2σ  

UK       
1992 0.12 27.96 8.02 0.02 20.00 2.42 

2000 0.10 29.62 7.99 0.03 20.27 3.23 
Ireland       
1995 0.13 30.83 7.28 0.02 20.21 2.74 
2000 0.14 31.76 6.97 0.04 20.77 3.43 

Spain       
1999 0.01 20.37 3.41 0.1 31.38 6.26 
2000 0.02 20.57 3.49 0.1 31.50 6.28 

US       
2003 0.047 20.28 3.28 0.12 28.23 8.58 

 



Peristera & Kostaki: Modeling fertility in modern populations  

166  http://www.demographic-research.org 

Table 6: Cohort data: Parameter estimates of Hadwiger  
 Mixture Model and Model 2 
 

 
Hadwiger 
Mixture Model

 
    

 R  a  b  c  d
 

e  

Spain       
1963 0.89 0.37 3.98 23.69 4.90 31.16 

 
 

 Model 2      

 1c  1m  1σ  2c  2m  2σ  

Spain       
1963 0.02 20.49 3.12 0.12 28.83 7.71 
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Table 7: Parameter estimates of Hadwiger Mixture Model in age- 
 specific fertility rates differentiated by birth order 
 

 First Births
 

    

 R  a  b  c  d
 

e  

UK       

2004 0.24 0.47 3.54 27.67 5.67 31.40 

Ireland       

2000 0.43 0.32 5.66 21.10 5.45 30.62 

US        

2003 0.05 0.73 3.25 23.53 5.54 32.21 

 
 
 

 Second Births     

 R  a  b  c  d
 

e  

UK       

2004 0.20 0.59 3.93 29.52 7.21 33.76 

Ireland       

2000 0.33 0.39 3.81 27.40 6.29 33.05 

US        

2003 0.38 2.59 4.04 27.23 4.88 26.81 
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Table 8: Parameter estimates of Model 2 in age-specific fertility rates  
 differentiated by birth order 
 

 First Births
 

    

 1c  1m  1σ  2c  2m  2σ  
UK       

2004 0.003 20.76 1.82 0.03 29.76 6.72 

Ireland       

2000 0.03 20.36 3.16 0.05 29.79 6.12 

US       

2003 0.002 19.94 3.19 0.004 26.88 8.64 

 
 

 Second Births    

 1c  1m  1σ  2c  2m  2σ  
UK       

2004 0.007 24.13 3.48 0.03 32.18 6.004 

Ireland       

2000 0.009 22.57 3.31 0.05 31.72 6.13 

US       

2003 0.02 21.75 3.53 0.04 29.4 7.41 
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Table 9: Parameter estimates of Model 2 and Hadwiger Mixture Model 
for the US (2003), differentiated by origin  

 

 Model 2 
 

     

US 2003 1c  1m  
1σ  2c  2m  2σ  

White       

 0.04 20.31 3.19 0.12 28.31 8.45 

Black       
 0.079 20.45 3.9 0.09 27.27 9.14 
Indian       
 0.06 20.49 3.92 0.08 26.89 8.61 
Asian       
 0.02 20.03 2.82 0.13 29.95 8.02 

 
 

 Hadwiger Mixture Model   

US 2003 R  a  b  c  d
 

e  

White       

 1.18 0.35 4.48 21.82 4.41 30.76 

Black       
 1.14 0.43 4.63 20.83 3.67 29.71 
Indian       
 0.96 0.25 5.35 20.01 3.29 27.77 
Asian       
 1.06 0.35 3.53 24.78 4.81 32.21 
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Table 10: Parameter estimates of Adjusted Model 2 for the US (2003),  
 differentiated by origin and birth order 
 

 Adjusted Model 2      

US 2003 1c  1m  11σ
 12σ  2c  2m  2σ  

Total Births        
 0.086 20.27 3.45 10.26 0.08 30.61 7.42 
First Births        
 0.003 19.31 2.58 4.69 0.0041 27.33 8.54 
Second Births        
 0.03 21.28 2.98 5.52 0.04 30.2 6.95 
White Births        
 0.08 20.23 3.31 10.01 0.09 30.34 7.46 
Black Births        
 0.13 20.22 3.71 11.03 0.03 33.29 6.64 
Asian Births        
 0.03 20.19 3.19 11.14 0.11 30.66 7.53 
Indian Births        
 0.10 20.04 3.44 9.79 0.04 30.14 8.44 
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Table 11: Values of the minimization criterion multiplied by 100.000,  
 at the exit of the estimation procedure of Model 1, Beta, Gamma,  
 Hadwiger and quadratic Spline models 
 

SSE*106 Model 1 Beta 
Model 

Gamma Model Hadwiger 
Model 

quadratic 
Spline Model 

   Period Data   

Sweden      
1996 115 108 132 326 174 
2000 117 181 321 689 174 
Norway      
1992 242 175 265 656 263 
2000 233 225 640 329 287 
Denmark      
1992 103 107 130 383 169 
2000 225 363 575 1073 287 
Belgium      
1993 401 396 380 540 462 
1995 346 374 376 558 525 
Greece      
1995 190 137 184 289 101 
2000 34 114 491 617 55 
Italy      
1995 20 58 139 352 49 
2000 47 71 524 908 82 

   Cohort Data   
Spain      
1943 732 1005 1159 1547   5450 

1962 295 259 1113 184   3720 
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Table 12: Values of the minimization criterion, multiplied by 100.000,  
 at the exit of the estimation procedure of Model 2 and  
 Hadwiger Mixture Model for the EU countries 
 

SSE*106           Model 2 Hadwiger Mixture Model 

 Period Data -Total births  
UK   

1992 154 35 

2000 99 22 

Ireland   

1995 437 97 

2000 78 177 

Spain   

1999 29 17 

2000 23 15 

 Cohort Data -Total births  
Spain   

1963 77 85 

 Period data - First Births  
UK    

2004 5 8 

Ireland   

2000 73 53 

 Period data - Second Births  
UK   

2004 4 5 

Ireland   

2000 31 31 
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Table 13: Values of the minimization criterion, multiplied by 100.000, 
 at the exit of the estimation procedure of Adjusted Model 2,  
 Hadwiger Mixture Model and Model 2 for the US data  
 

SSE*106  Adjusted Model 2 Hadwiger Mixture Model 2 

US 2003    

Total Births 150 28 1874 

First Births 0.086 4 0.6 

Second Births 3.5 348 25 

White 28 156 728 

Black  39 190 485 

Asian  61 148 69 

Indian 80 176 518 
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APPENDIX B 

Figure 1:  Observed and estimated period age-specific fertility rates for  
 a) Denmark, 2000 and b) Sweden, 2000.  
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Figure 2:  Continued:   b) Sweden, 2000.  
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Figure 2: Observed and estimated period age-specific fertility rates for  
a) UK, 2000 and b) Ireland, 2000  

 

 



Demographic Research: Volume 16, Article 6  

http://www.demographic-research.org 177 

Figure 2: Continued:  b) Ireland, 2000  
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Figure 3:  Observed and estimated period age-specific fertility rates for 
 a) Spain, 2000 and b) US, 2003.  
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Figure 3:  Continued:  b) US, 2003.  
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Figure 4:  Observed and estimated cohort age-specific fertility rates for 
 a) Spain, 1942 and b) Spain, 1963.  
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Figure 4:  Continued:  b) Spain, 1963.  
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Figure 5:  Age-specific fertility distribution differentiated by birth order for  
 a) Spain, 2004 and b) Ireland, 2000  
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Figure 5:  Continued:  b) Ireland, 2000  
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Figure 6:  Age-specific fertility distribution of US, 2003 differentiated by  
 a) birth order and b) origin of mother. 
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Figure 6:  Continued: b) origin of mother. 
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Figure 7:  Observed and estimated age-specific fertility rates of UK, 2004 for  
 a) first births and b) second births. 
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Figure 7:  Continued:  b) second births. 
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Figure 8: Observed and estimated age-specific fertility rates of Ireland, 2000 for 
 a) first births and b) second births. 
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Figure 8: Continued:  b) second births. 
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Figure 9:  Observed and estimated age-specific fertility rates of US, 2003 for  
 a) first births and b) second births. 
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Figure 9:  Continued:  b) second births. 
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Figure 10:  Observed and estimated age-specific fertility rates of US, 2003 for  
 a) White and b) Black.  
 

 



Demographic Research: Volume 16, Article 6  

http://www.demographic-research.org 193 

Figure 10:  Continued:  b) Black.  
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