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Formal Relationship

Fertility timing and the birth squeeze

Robert Schoen1

Abstract

OBJECTIVE
To provide an in-depth examination of the birth squeeze, the alteration of male and female
birth rates by the age-sex composition of the population.

METHODS
Mathematical analyses using reasonable simplifying assumptions are made to find male
and female total fertility rates (TFRs), and from them an index of the magnitude of the
birth squeeze under exponential, linear, and sinusoidal birth trajectories.

RESULTS
Explicit equations are shown for male and female TFRs and for birth squeeze measures
under the three birth trajectories. In all cases, the magnitude of the birth squeeze was
approximately proportional to (1) a meaningful measure of population change, (2) the
difference between the male and female mean ages of fertility, and (3) the sex ratio at
birth. Despite the strong influence of cycle length T in sinusoidal models, the cycle time
of the maximum birth squeeze is consistently found near time 30, and the minimum near
time 30 + T/2.

CONTRIBUTION
Birth squeezes are a potentially important, though rarely considered, factor in fertility
analyses. Here, easy-to-apply methods are presented that show how male and female
fertility rates are affected by population composition, and that measure the magnitude of
birth squeezes. New, interpretable regularities are derived that relate birth squeezes to
meaningful demographic measures and provide new insights into fertility dynamics.
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1. Introduction

Although it is obvious that human fertility stems from the interaction between males
and females, most demographic models and analyses treat fertility in terms of female
behavior only. That is unnecessarily constraining, and has led to male behavior being
neglected and undervalued. It is increasingly appreciated that male behavior is important,
both substantively and theoretically (e.g., Goldscheider, Bernhardt, and Lappegård 2015;
Schoen 2010; Vignoli, Drefahl, and DeSantis 2012; Dudel and Klüsener 2021).

Inclusivity with regard to gender issues is all the more important in the contemporary
West with the recognition of same-sex unions and the new visibility of non-binary per-
sons. In East and South Asia, striking sex ratio at birth imbalances have arisen with
increased access to sex-selective abortion, which directly lead to birth and marriage
squeezes (den Boer and Hudson 2017; Guilmoto 2012; Kashyap and Villavicencio 2016).
The analysis of Zhang and Li (2020) related a rise in the sex ratio at birth to population
aging. The importance of population sex ratios for demographic analysis was recently
reinforced by Canudas-Romo, Su, and Hollingshaus (2023), who stress the relevance of
these ratios to population policy, individual birth and marriage decisions, and economic
behavior.

The fertility behavior of one sex is contingent on the availability of members of the
other sex. Appreciating and quantifying that constraint is thus a prerequisite for under-
standing the behavior that must be described and theoretically explained. Birth squeezes,
alterations in male and female fertility rates and levels caused by imbalances in age-sex
composition, can potentially have substantial effects on population fertility and popula-
tion growth (Schoen 1985). Even as the nature of unions changes, birth squeezes remain
relevant because births still predominately occur to men and women in relationships.

The related marriage squeeze has received the lion’s share of demographic attention,
and a substantial literature exists on the subject (Das Gupta 1973; Henry 1972; McFarland
1975; Schoen 1981; Yellin and Samuelson 1977; see the review in Schoen 1988, Part
III). The subject is challenging methodologically as it involves the so-called ‘two-sex
problem’ in demography: the fact that one-sex male and female age-specific birth and
marriage rates are not sensitive to the available number of persons of the other sex, and
thus both male and female rates cannot be held constant when the composition of the
population changes.

Although there has been some useful applied work (e.g., Raymo and Park 2020;
Uchikoshi, Raymo, and Yoda 2023), there has been little methodological work on the
two-sex problem in recent decades (though see Pollak 1990; Iannelli, Martcheva, and
Milner 2005). No two-sex approach has been accepted as “the” solution, but it is fair
to say that the harmonic mean approach is recognized as “a” solution. We follow that
approach as it leads to birth squeeze measures that can be found from one-sex schedules
of male and female age-specific rates.
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Here, for the first time, the magnitude and patterns of birth squeezes are calculated
and examined in the context of populations where births change exponentially, linearly, or
cyclically. Using only male and female total fertility rates (TFRs), methods are described
for defining and measuring birth squeezes. Two key relationships are presented. The phe-
nomenon is then systematically examined under (1) distinct male and female age-specific
fertility schedules, (2) different birth trajectories, and (3) different sex ratios at birth. The
contemporary relevance of the birth squeeze is demonstrated using data for Spain 1975–
2015, where fertility fell and ages at birth rose. A modest squeeze against women turned
into a substantial squeeze against men, distorting the meaning of the female TFR, the
standard measure of fertility level.

2. The basic model

We begin by considering what produces birth squeezes. Three factors stand out (Dudel
and Klüsener 2021). First, fathers are typically older than mothers, and thus come from
different birth cohorts. Second, between cohort differences become important when co-
horts are of different size. Third, within-cohort differences emerge when the sex ratio at
birth departs from 100 males for every 100 females.

Accordingly, let us construct a model where male birth rates peak at a later age than
female birth rates, and the birth trajectory is known. Initially, to reduce complexity, we
assume that the sex ratio at birth is 100 males per every 100 females, though how that
assumption can be relaxed is considered in Section 5. Throughout, we assume no mor-
tality below age 45, the highest age at reproduction. Reproduction for both sexes begins
at age 15. While the highest male age at reproduction could be increased in more com-
plex models, age 45 captures the great majority of male births in contemporary Western
populations. For example, in 2012, 95.4% of male births in England and Wales occurred
below age 45 (United Kingdom, Office for National Statistics 2013).

The number of births (both male and female) in year t is denoted by g(t). We
consider birth trajectories that yield a stable (exponentially growing) population, follow
a linear pattern of growth, or describe a zero-growth sine function.

Age-specific birth rates are assumed to vary proportionally over time, thus the ratio
of the age 20 to 25 birth rate to the age 15 to 20 birth rate is the same at all time points.
That proportionality is a commonly observed pattern (Hobcraft, Menken, and Preston
1982). Such models have been analyzed in Schoen (2024) and in Schoen (2025), where
they are termed parastable. The age pattern of fertility is based on the cubic density
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function (Schoen 2024)
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which ranges over ages 15 to 45, with
∫
f(x) dx equal to 1. Unless otherwise noted, all

integrals go from age 15 to age 45. The cubic fertility density of Equation (1) depends
only on the mean age of fertility µ, which can vary between ages 27 and 33. That cubic
pattern, while not always providing a close fit to observed age-specific fertility rates, does
reflect typical age curves of fertility, allows for flexibility in the mean age of fertility, and
provides a reasonable basis for analytical work.

Density f(x) can be scaled to any fertility level, preserving the relative size of the
age-specific fertility rates. The male or female birth rate age at x and time t, φ(x, t) can
then be written

(2) φg(x, t) = Rg(t)fg(x),

where Rg(t) is the TFR at time t, and subscript g equals m for males and f for females.
In terms of the birth trajectory, the birth rate can be written

(3) φg(x, t) =
g(t)fg(x)
1
2g(t− x)

as half the births are male and half female. The male and female TFRs are then

(4) Rg(t) =

∫
φg(x, t) dx =

∫
g(t)fg(x)
1
2g(t− x)

dx.

3. Key measures of the birth squeeze

The harmonic mean approach used is based on birth propensities, or two-sex measures of
attractiveness (Schoen 1985). Let J(x, y, t) be the propensity for births to males age x
and females age y at time t. Then

(5) J(x, y, t) = ψm(x, y, t) + ψf (x, y, t),
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where ψg(x, y, t) is the time t, gender g birth rate for males age x and females age y. The
underlying idea is that as the gender composition of the population changes, one age-sex-
specific rate goes up while the other goes down, with the sum of those rates remaining
constant. The J propensities are thus independent of the age-sex composition of the
population.

Significantly for present purposes, it follows that the sum of all the propensities
equals the sum of the male and female TFRs, or that

(6)
∑∑

J(x, y, t) =
∑

[φm(x, t) + φf (x, t)] = Rm(t) +Rf (t),

where the sums range over all reproductive ages. That total propensity is a two-sex mea-
sure of fertility level. Following Schoen (1985), let us define TFR2(t) as the arithmetic
mean

(7) TFR2(t) =
Rm(t) +Rf (t)

2
,

which provides a two-sex measure of fertility level at time t. As the total number of births
is the same for males and females, the difference between Rm(t) and Rf (t) reflects the
influence of past population growth and gender differences in mean ages of fertility – in
other words, the extent of the birth squeeze. Expressing that difference as a fraction of
the two-sex level of fertility yields time t and birth squeeze index U as

(8) U(t) =
Rm(t)−Rf (t)

TFR2(t)
.

Thus a theoretically grounded measure of the birth squeeze can be found from the male
and female TFRs alone, without the need to know the full array of birth propensities.

Taking a step back, the TFRs themselves can be found from a known birth trajec-
tory. Thus we can use index U to assess the birth squeezes that arise under a variety of
birth trajectories, with male and female age-specific birth rate schedules distinguished by
different mean ages at birth.

We find two key relationships connecting the birth squeeze to the birth trajectory and
to the difference between male and female mean ages of fertility. The first relationship is
a close approximation that arises when the birth trajectory is exponential, and is

(9) U ≈ r∆µ = Uest,
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where r is the stable (exponential) growth rate, ∆µ is the difference between the male
mean age of fertility (µm), and the female mean age of fertility (µf ), with that approxi-
mation denoted by Uest. While the exact equation for U , Equation (A3) in Appendix A,
is rather complicated, the simple approximation in Equation (9) is quite accurate. With
equal numbers of males and females in every birth cohort, the birth squeeze in a stable
population is just the product of the stable rate of growth and the difference between male
and female mean ages of fertility. That relationship has not previously been noted.

The second relationship is exact, though a bit less simple. When births increase
linearly with slope b and there are 2 births at time 0, the time t birth squeeze index is

(10) U(t) =
b∆µ

2 + b
[
t− 1

2 (µm + µf )
] .

The numerator in Equation (10) parallels the relationship in Equation (9). However, the
extent of the squeeze varies over time. That change is captured by the denominator, which
can be interpreted as the number of births of about a generation earlier. With equal num-
bers of males and females born, the birth squeeze again reflects the product of a growth
rate and the difference between male and female mean ages of fertility. In sinusoidal
models, as described below, there is a similar though weaker relationship between U and
the amplitude of the sine wave.

We now proceed to derive those key relationships and to describe the birth squeeze
in the context of stable, linear, and cyclically stationary populations. We then consider
the case where unequal numbers of males and females are born. Finally, we examine the
birth squeeze observed in Spain over the years 1975 through 2014.

4. Analyzing birth squeezes in three model populations that have
equal numbers of male and female births

Let us now systematically examine the birth squeezes that arise under three birth trajec-
tories: exponential, linear, and sinusoidal. In each case, consistent with the generally
observed pattern of fathers being older than mothers, we take the male mean age of fertil-
ity to be 33 years, and compare that to patterns with female mean ages of 27 and 30. That
gender attribution is imposed, as the cubic density distribution applies to any gender. Fol-
lowing Equation (3), occurrence/exposure age-sex-specific male and female fertility rates
are calculated by dividing all births to persons of the specified age by half the population
at that age, since there are equal numbers of males and females at every reproductive age.

1308 https://www.demographic-research.org
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4.1 Exponential birth trajectory/stable populations

The fixed-rate, stable population birth trajectory is exponential, and scaling the population
so that there are two births in reference year t (one male and one female) gives the renewal
equation

(11) 2 =

∫
e−rx Rg(t) fg(x) dx,

where Rg(t and fg(x) have distinct male and female values. The exponential growth
rate of the stable population is denoted by r. Equation (11) can be solved explicitly for
the Rg(t) and U , with the full solutions given in Equations (A2) and (A3), as derived in
Appendix A and B.

Table 1 shows TFR and birth squeeze index values for growth rates from −0.04 to
+0.04. When r = 0 there is no birth squeeze. With the male µ fixed at 33, the female µ is
set at 30 or 27, so we examine birth squeezes where the male–female mean age difference
is either 3 or 6 years.

Table 1: Fertility and birth squeeze measures in stable populations with cubic
fertility densities and proportional age change in birth rates

µm = 33 µf = 27 µf = 30

r TFRm TFRf TFR2 U Uest TFRf TFR2 U Uest

1
2 [TFR(33) + TFR(27)]

TFR(30)

–0.04 0.519 0.660 0.590 –0.238 –0.240 0.581 0.550 –0.112 –0.120 1.015
–0.03 0.731 0.875 0.803 –0.179 –0.180 0.797 0.764 –0.086 –0.090 1.018
–0.02 1.026 1.157 1.092 –0.120 –0.120 1.088 1.057 –0.058 –0.060 1.003
–0.01 1.435 1.524 1.480 –0.060 –0.060 1.478 1.457 –0.030 –0.030 1.001

0.00 2.000 2.000 2.000 0.000 0.000 2.000 2.000 0.000 0.000 1.000

0.01 2.777 2.615 2.696 0.060 0.060 2.694 2.735 0.030 0.030 1.001
0.02 3.842 3.408 3.625 0.120 0.120 3.612 3.727 0.062 0.060 1.004
0.03 5.295 4.425 4.860 0.179 0.180 4.821 5.058 0.094 0.090 1.008
0.04 7.270 5.726 6.498 0.238 0.240 6.407 6.838 0.126 0.120 1.014

Note: Birth trajectory g(t) = 2 exp(rt).

For all mean ages, the level of fertility varies substantially with the value of r. For
r > 0, the higher the mean age of fertility, the higher total fertility; for r < 0, the opposite
is true. The level of fertility varies nearly linearly with the difference between male and
female mean ages. As shown in the last column of Table 1,

(12) TFR(30) ≈ 1

2
[TFR(33) + TFR(27)] ,

where TFR(x) is the male or female TFR for mean age of fertility x.
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In contrast, birth squeeze index U varies directly and approximately proportionally
with r, and U is close to symmetric for r values above and below zero. For example,
when r = ± .02, U = ± .120, and when r = ± .04, U = ± .240. Index U values are
negative when r < 0, indicating a squeeze against males, and are positive when r > 0 and
there is a birth squeeze against females. For large magnitudes of r and a 6-year difference
in mean ages, U values indicate substantial birth squeezes. Even when r has a magnitude
of 0.02 and the mean age difference is 3 years, U indicates that the difference between
male and female TFRs is 6% of their average.

In Table 1, note that for all values of r, when µf is 27 and there is a 6-year gap
between male and female mean ages, the value of U is close to twice the value when
µf is 30 and there is a 3-year difference in mean ages. Second, for all values of r, with
∆µ = (µm − µf ), we have the approximate first key relationship

(9) U ≈ r∆µ = Uest ,

a simple relationship despite the complexity of Equation (A3). Under stability, the magni-
tude of the birth squeeze is well described by that simple product of two factors: the stable
growth rate and the difference between mean male and mean female ages of fertility. As
fertility is constant in a stable population, that value of U is independent of time.

4.2 Populations with linear growth

With the birth density of Equation (1), let the linear birth trajectory be given by

(13) g(t) = 2 + bt,

defined only for positive values of g(t). Using Equation (13) in a renewal equation anal-
ogous to Equation (11), we can evaluate the integral and find

(14) R(t) =
2 + bt

2 + b(t− µ)
=

g(t)

g(t− µ)
.

Equations (13) and (14) show the simple relationships that link births and fertility levels
in linear parastable models.

Using Equation (8), the linear birth squeeze index gives the second key relationship

(10) U(t) =
b(µm − µf )

2 + b
[
t− 1

2 (µm + µf )
] .

1310 https://www.demographic-research.org
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In the linear case, U(t) has a numerator equal to the slope times ∆µ, but with a denom-
inator of g

(
t− 1

2 [µm + µf ]
)
. With that average of two mean ages, the denominator is

approximately the number of births a generation earlier. When slope b > 0, U(t) ap-
proaches zero as t increases to infinity.

Table 2 shows values of TFRs and U(t) for male mean age 33 and female mean ages
27 and 30. At time 40, slopes are shown for values between −0.04 and +0.04, and at
time 80 for slopes between −0.02 and +0.04 (to avoid negative values of g). For a given
slope b, values of U are generally smaller in magnitude than for comparable values of r
in Table 1, and smaller in magnitude when b > 0 than when b < 0. The birth squeeze
index varies monotonically with slope b, and declines over time when b > 0. At both
times 40 and 80, the value of U when the difference in mean ages of fertility is 6 is about
twice the value of U when the difference in means is 3.

Table 2: Fertility and birth squeeze measures under linear growth in births
with cubic fertility densities and proportional age change in birth
rates

Linear µm = 33 µf = 27 µf = 30
slope (b) TFRm TFRf TFR2 U TFRf TFR2 U

t = 40

–0.04 0.465 0.541 0.503 –0.150 0.500 0.483 –0.072
–0.03 0.894 0.994 0.944 –0.106 0.941 0.918 –0.052
–0.02 1.290 1.379 1.335 –0.067 1.333 1.312 –0.033
–0.01 1.658 1.711 1.685 –0.032 1.684 1.671 –0.016

0.00 2.000 2.000 2.000 0.000 2.000 2.000 0.000

0.01 2.319 2.254 2.286 0.029 2.286 2.302 0.014
0.02 2.617 2.476 2.547 0.055 2.545 2.581 0.028
0.03 2.896 2.678 2.787 0.078 2.783 2.839 0.040
0.04 3.158 2.857 3.008 0.100 3.000 3.079 0.051

t = 80

–0.02 0.755 0.851 0.803 –0.120 0.800 0.777 –0.058
–0.01 1.569 1.633 1.601 –0.040 1.600 1.584 –0.020

0.00 2.000 2.000 2.000 0.000 2.000 2.000 0.000

0.01 2.267 2.213 2.240 0.024 2.240 2.254 0.012
0.02 2.449 2.353 2.401 0.040 2.400 2.424 0.020
0.03 2.581 2.451 2.516 0.051 2.514 2.547 0.026
0.04 2.680 2.524 2.602 0.060 2.600 2.640 0.030

Note: Birth trajectory g(t) = 2 + bt. For t = 80, g(t) is not defined for slope values of −0.03 and −0.04.
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4.3 Cyclically stationary populations

Cyclically stationary populations extend the basic life table stationary population model,
and can provide useful models for dynamic demographic analyses. Here, the initial oper-
ationalization sets base birth level a = 2, amplitude b = 0.2 or 0.3, and focuses on cycle
lengths T of 40, 60, and 80 years.

Let the birth trajectory be g(t) = 2+ b sin(ωt), where frequency ω = 2π
T . Then the

renewal equation can be explicitly integrated. Appendices C and D derive and show the
resultant TFRs and values of birth squeeze index U in Equations (C4) and (C7).

Table 3 shows fertility and birth squeeze measures when births vary sinusoidally,
µm = 33, and µf = 27 or 30. Panel A shows values when T = 40 years and b = 0.3,
and Panel B when T = 40 years but b = 0.2. Consistent with Equation (C7), U values
are directly proportional to ∆µ = µm−µf , and approximately proportional to amplitude
b. Keeping b = 0.3, Panel C shows values when T = 60 years and Panel D when T = 80
years.

Table 3: Fertility and birth squeeze measures under sinusoidal growth in
births with cubic fertility densities and proportional age change in
birth rates

µm = 33 µf = 27 µf = 30

Cycle point (t) TFRm TFRf TFR2 U TFRf TFR2 U

A. Cycle length T = 40 years; amplitude b = 0.3

5 2.028 2.159 2.093 –0.062 2.091 2.060 –0.031
10 2.198 2.413 2.305 –0.093 2.300 2.249 –0.046
15 2.268 2.433 2.351 –0.070 2.348 2.308 –0.034
20 2.178 2.178 2.178 0.000 2.178 2.178 0.000
25 1.966 1.833 1.900 0.070 1.897 1.932 0.036
30 1.783 1.624 1.704 0.093 1.700 1.742 0.048
35 1.745 1.639 1.692 0.062 1.690 1.717 0.032
40 1.849 1.849 1.849 0.000 1.849 1.849 0.000

B. Cycle length T = 40 years; amplitude b = 0.2

5 2.019 2.107 2.063 –0.042 2.062 2.041 –0.021
10 2.134 2.271 2.202 –0.062 2.200 2.167 –0.031
15 2.177 2.279 2.228 –0.046 2.227 2.202 –0.023
20 2.115 2.115 2.115 0.000 2.115 2.115 0.000
25 1.978 1.890 1.934 0.046 1.933 1.956 0.023
30 1.858 1.746 1.802 0.062 1.800 1.829 0.032
35 1.828 1.753 1.791 0.042 1.790 1.809 0.021
40 1.897 1.897 1.897 0.000 1.897 1.897 0.000
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Table 3: (Continued)

µm = 33 µf = 27 µf = 30

Cycle point (t) TFRm TFRf TFR2 U TFRf TFR2 U

C. Cycle length T = 60 years; amplitude b = 0.3

5 2.203 2.368 2.285 –0.072 2.283 2.243 –0.036
10 2.459 2.569 2.514 –0.044 2.512 2.486 –0.022
15 2.602 2.602 2.602 0.000 2.602 2.602 0.000
20 2.569 2.459 2.514 0.044 2.512 2.541 0.022
25 2.368 2.203 2.285 0.072 2.283 2.325 0.037
30 2.082 1.924 2.003 0.079 2.000 2.041 0.040
35 1.807 1.694 1.750 0.064 1.748 1.778 0.033
40 1.610 1.553 1.582 0.036 1.581 1.596 0.018
45 1.523 1.523 1.523 0.000 1.523 1.523 0.000
50 1.553 1.610 1.582 –0.036 1.581 1.567 –0.018
55 1.694 1.807 1.750 –0.064 1.748 1.721 –0.032
60 1.924 2.082 2.003 –0.079 2.000 1.962 –0.039

D. Cycle length T = 80 years; amplitude b = 0.3

5 2.371 2.438 2.404 –0.028 2.404 2.387 –0.014
10 2.543 2.543 2.543 0.000 2.543 2.543 0.000
15 2.625 2.553 2.589 0.028 2.589 2.607 0.014
20 2.598 2.472 2.535 0.050 2.533 2.566 0.025
25 2.473 2.234 2.399 0.062 2.397 2.435 0.032
30 2.285 2.144 2.214 0.064 2.212 2.249 0.032
35 2.073 1.959 2.016 0.056 2.014 2.044 0.029
40 1.870 1.794 1.832 0.041 1.831 1.851 0.021
45 1.701 1.665 1.683 0.022 1.683 1.692 0.011
50 1.582 1.582 1.582 0.000 1.582 1.582 0.000
55 1.521 1.555 1.538 –0.022 1.538 1.530 –0.011
60 1.525 1.590 1.557 –0.041 1.557 1.541 –0.020
65 1.596 1.689 1.642 –0.056 1.641 1.619 –0.028
70 1.732 1.847 1.790 –0.064 1.788 1.760 –0.031
75 1.924 2.048 1.986 –0.062 1.984 1.954 –0.031
80 2.149 2.259 2.204 –0.050 2.203 2.176 –0.025

Note: Birth trajectory g(t) = 2 + b sin (ωt).

In all four panels, U(t) fluctuates fairly symmetrically about zero. The approximate
proportionality of U(t) to the product b∆µ holds here as well. Notably, so does the
approximate linearity of the TFR, at all cycle lengths and cycle points, across different
mean ages of fertility – that is, 1

2 [TFR(µ = 27) + TFR(µ = 33)] ≈ TFR(µ = 30).
The magnitude of the birth squeeze varies greatly with cycle length. Table 4, with

values derived as described in Appendix E, shows that with b = 0.3 and ∆µ = 6 , ex-
treme values of U range from ±0.035 when T = 20 to ±0.097 when T = 40. As T
increases beyond 40 years, the magnitude of U diminishes. There appears to be an effect
from the ratio of cycle length T to 30 years, the length of the reproductive age span. A
larger T also implies smaller up and down slopes in the sine curve. In the sinusoidal
models considered, birth squeezes are mild to moderate in magnitude, and may well be
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relevant to substantive analyses of fertility. The timing of extremeU values can be closely
approximated by two simple relationships. The maximum U occurs around cycle point
t = 30 (equivalent to t = 10 when T = 20). The minimum U occurs near t = 30 + T

2 .

Table 4: Maximum and minimum cycle points and values of birth squeeze
index U for sinusoidal birth trajectories, male mean age of fertility
(µm) of 33 and female mean age of fertility (µf ) of 27

Cycle length (T ) 20 40 60 80

A. Cycle year (t) Maximum U 10.0 29.5 28.9 28.3
Minimum U 20.0 10.5 61.1 71.7

B. Birth squeeze (U) Maximum 0.0351 0.0968 0.0793 0.0645
Minimum –0.0351 –0.0968 –0.0793 –0.0645

Note: Birth trajectory g(t) = 2 + 0.3 sin(ωt).

Table 5, calculated as described in Appendix F, shows that a somewhat similar pat-
tern holds for the timing and level of extreme values of the male and female TFRs. For
most cycle lengths, the time of the maximum TFR is approximated by cycle point t = 15,
and the minimum TFR by t = 15+ T

2 . Cycle length T = 70 shows the largest maximum
TFR (2.609) and the smallest minimum TFR (1.522), indicating a swing in the level of
fertility of 1.1 children around a central value of 2. However, values when T < 40 often
do not fit that pattern.

Table 5: Maximum and minimum cycle points and values of total fertility rate
R(t) with sinusoidal birth trajectories, mean age of fertility 30, and
cycle lengths (T ) from 20 to 100 years

Cycle length (T ) Cycle point Maximum TFR Minimum cycle point TFR

20 5 2.290 15 1.707
30 7.5 2.200 22.5 1.781
35 11.570 2.238 28.354 1.755
40 13.630 2.356 32.716 1.670
50 14.821 2.534 39.221 1.560
60 15 2.602 45 1.523
70 14.899 2.609 50.573 1.522
80 14.694 2.589 56.052 1.536
90 14.445 2.557 61.475 1.557

100 14.179 2.523 66.861 1.579

Note: Birth trajectory g(t) = 2 + 0.3 sin(ωt).
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Figure 1 depicts the relationships between birth trajectory g(t) and the male and
female TFRs when cycle length T is 40, 60, and 80 years and µf = 27. For all three cycle
lengths, the TFRs are approximately sinusoidal and generally show more variability than
the birth trajectory. Because µm > µf , the peak of Rf always precedes that of Rm, as
can be appreciated by switching the male and female f(x) schedules.

Figure 1: Birth trajectory g(t) and male and female total fertility rates in
cyclically stationary populations with cycle length (T ) of 40, 60, and
80 years
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Figure 1: (Continued)

Figure 2 shows how g, TFR2, and U vary within cycles for cycle lengths 40, 60, and
80 and µf = 27. The value of U(t) is multiplied by a factor of 25 to achieve a common
vertical scale. At all three cycle lengths, TFR2 is close to g and approximately sinusoidal.
The trajectory of the birth squeeze index is also rather sinusoidal, but values above and
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below zero are a bit skewed. The order of the peaks when T = 40 is g before TFR2,
with the peak of U at roughly the trough of g and TFR2. When T = 60, it is U following
the common maximum of g and TFR2, and when T = 80, it is TFR2 before g, which is
before U .

Figure 2: Birth trajectory g(t), two-sex total fertility rate TFR2, and birth
squeeze index U in cyclically stationary populations with cycle length
(T ) of 40, 60, and 80 years
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Figure 2: (Continued)

In sum, when births are sinusoidal, birth squeeze index U varies proportionally with
the difference between male and female mean birth ages and approximately proportion-
ally with sine amplitude b. In those ways, the behavior of U parallels Equation (9). How-
ever, the magnitude of U(t)varies with cycle length T . At all cycle lengths, the maximum
value of U(t) occurs at about cycle point 30, and the minimum at about t = 30 + T

2 .

5. Examining birth squeezes in the case of unequal sex ratios at birth

To this point, we have assumed that equal numbers of males and females are born. In
most populations, however, there are about 105 males born for every 100 females, or a
male proportion of 0.512. Moreover, some contemporaneous populations, notably in East
and South Asia, have experienced considerable numbers of sex-selective abortions, and
have had substantially larger sex ratios at birth. In South Korea in 1990, there were 116
males born for every 100 females, and in Vietnam in 2009, four provinces had over 120
male births for every 100 female births (den Boer and Hudson 2017).

Now let the male proportion be denoted by s. Using our cubic fertility densities and
with fertility rates changing proportionally at all ages, we can examine the effect on U
when s ̸= 0.5. Appendix G derives the birth squeeze index for any value of s, and finds

(15) Us(t) = 2
Rm(t)(1− s)− sRf (t)

Rm(t)(1− s) + sRf (t)
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for adjusted birth squeeze index Us(t). Equation (15) shows that the sex ratio effect on
the birth squeeze depends not only on male proportion s, but also on the male and female
TFRs. An example can be informative. Let Rm = 1.4 and Rf = 1.6, with Equation (8)
then giving U = −0.133. However, with s = 0.53, Equation (15) yields an adjusted
Us = −0.252, a birth squeeze against males that is nearly twice as great.

In short, the relationships developed in the previous sections can readily be modified
to reflect unequal sex ratios at birth. Values of s that depart from one-half can magnify
birth squeezes.

6. Birth squeezes in contemporary Spain

Male age-specific fertility rates are now available for a number of populations. Dudel
and Klüsener (2021) examine them for 17 high-income countries, and those values are
included in the Human Fertility Collection of the Human Fertility Database. The findings
of Dudel and Klüsener (2021) reinforce the idea that male–female fertility differences are
largely driven by differences in mean age at birth and differential cohort size.

Spain is a particularly illustrative case, as in recent decades it has experienced both
a substantial decline in fertility and a major swing in birth squeeze index U . Table 6
presents fertility data for Spain 1975–2014, including index U . Spanish fertility fell
from a TFRf of 2.765 in 1975 to 1.154 in 1995, before increasing to about 1.3. The
mean age at birth increased by about 3 years for both men and women, with the age
difference staying about 3 years. In 1985 there was a modest birth squeeze of 0.039
against women, but by 2010 there was a substantial birth squeeze of −0.091 against men.
In 2010, with a TFRf of 1.37, the TFRm was 1.25, some 0.12 children less. That is a
nontrivial difference. The female TFR, despite being very low, overstates the population’s
fertility propensity, as measured by the TFR2. The birth squeeze is not just a phenomenon
of high fertility traditional populations, but it can also characterize contemporary low
fertility, high-income populations as well.
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Table 6: Male and female total fertility rates and birth squeeze measures,
Spain, 1975–2014

Total fertility rates Birth squeeze Mean ages at birth

Year TFRm TFRf TFR2 TFRm–TFRf Index U µm µf µm − µf

1975 2.855 2.765 2.810 0.090 0.032 31.72 28.66 3.06
1980 2.291 2.216 2.254 0.070 0.033 31.06 28.21 2.85
1985 1.706 1.640 1.673 0.066 0.039 31.42 28.46 2.96
1990 1.401 1.361 1.381 0.040 0.029 31.82 28.86 2.96
1995 1.172 1.154 1.163 0.018 0.015 32.85 29.99 2.86
2000 1.195 1.207 1.201 –0.012 –0.010 33.66 30.75 2.91
2005 1.252 1.329 1.290 –0.077 –0.060 33.91 30.91 3.00
2010 1.250 1.369 1.310 –0.119 –0.091 34.30 31.20 3.10
2014 1.211 1.320 1.266 –0.109 –0.086 34.63 31.78 2.87

Source: Data from the Human Fertility Collection in the Human Fertility Database.

7. Summary and conclusions

The birth squeeze reflects the dependence of male and female age-specific fertility rates
on the number of males and females in the population. To a greater or lesser degree,
a birth squeeze is always present in human populations, suggesting that both male and
female birth rates merit consideration in fertility analyses. Here, the magnitude of the
birth squeeze effect, and its determinants, are explored in depth using the harmonic mean
approach to the two-sex problem. In that context, the birth squeeze can be accurately
measured from data on male and female total fertility rates alone. Making the reasonable
assumptions that fertility rates vary proportionately over age from a cubic base pattern, we
show, for the first time, how the effects of (1) different birth trajectories, (2) differences
in male and female mean ages of fertility, and (3) sex ratios at birth affect the magnitude
of a squeeze. Exponential, linear, and cyclical birth trajectories are examined, assuming
no mortality below age 45, the highest age of reproduction. Substantial similarities in the
nature of birth squeeze effects characterize all three birth trajectories.

Under the exponential birth trajectory of a stable population, with equal numbers
of male and female births, birth squeeze index U is closely approximated by two simple
factors: (1) the rate of population growth and (2) the difference between male and female
mean ages of fertility (∆µ). A similar pattern arises with linear birth trajectories, where
U is approximately equal to the linear slope times ∆µ, divided by the number of births a
generation earlier.

Cyclically stationary models are given particular attention as they recognize fertility
fluctuations and can be a useful platform for long- and short-term population analyses. In
such sinusoidal models, relationships are more complicated, but an explicit solution for
index U is presented in Equation (C7). Although the effects of cycle length T are sub-

1320 https://www.demographic-research.org

https://www.demographic-research.org


Demographic Research: Volume 54, Article 40

stantial, U remains proportional to ∆µ and approximately proportional to the amplitude
of the sine wave. Remarkably, within each cycle, the birth squeeze consistently attains its
maximum value near cycle year 30, and its minimum value near cycle year 30 + T

2 .
When there are deviations from equal numbers of male and female births, the birth

squeeze can be found using the relatively simple adjustment provided in Equation (15).
Given the high sex ratios at birth in a number of East and South Asian countries, fertility
analyses of those nations need to explicitly recognize their short- and long-term implica-
tions.

The present study focuses on models, not data, but the experience of Spain between
1975 and 2014 demonstrates the relevance of the birth squeeze to the analysis of con-
temporary populations. Over those 40 years, fertility dropped some 40% to very low lev-
els, while a modest birth squeeze against women turned into a substantial birth squeeze
against men. Birth squeezes are as relevant to low fertility populations as to high fertility
populations.

In a world where all persons can no longer be divided into two genders, and where
there are marked differences in preferences within the male and female genders, consid-
eration of compositional ‘squeezes’ is an appropriate extension to customary fertility and
marriage analyses. The approach advanced here to measuring the extent of such effects is
a contribution to that goal. Male and female ages at birth matter, as they have relevance
for child health, mortality, and migration (cf Dudel and Klüsener 2021).

As always, models are simplifications, and their results are influenced by the as-
sumptions used. Alternative assumptions are worthy of examination. Furthermore, little
attention has been paid to birth squeezes following short to midterm birth fluctuations.
The birth spike following the 1967 abortion change in Romania is an extreme example
(cf Bradatan 2009), but less dramatic changes appear common and merit examination.

Noteworthy two-sex population interaction effects frequently exist and deserve more
attention in demographic analyses, as do fertility rates by age of father. The present
analysis of the birth squeeze has revealed that the extent of such effects on birth rates can
readily be gauged and related to meaningful demographic variables, and has provided
new insights into contemporary fertility dynamics.
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Appendix A: Derivation of birth squeeze index U when the birth
trajectory is exponential

The derivation here is based on the model in Section 2 with the cubic fertility density
of Equation (1). The exponential renewal equation is shown in Equation (11), and birth
squeeze index U is defined in Equation (8).

Using Equation (11), the int function, as shown in the Maple program in Ap-
pendix B, yields the result

Rg(t) =
67500 r4e15r

e−30rYg(r,µ) + Zg(r,µ)

with

Yg(r,µ) = 75r2(µg − 27) + 15r(µg − 29) + (µg − 30)

and

(A1) Zg(r,µ) = 75r2(33− µg) + 15r(µg − 31) + (30− µg).

When µg = 30, Equation (A1) reduces to

(A2) Rg(t) =
4500 r3e15r

e−30r(15r + 1) + (15r − 1)
.

The birth squeeze index is then

U =
2(µm − µf )

[
(75r2 − 15r + 1)− e−30r(75r2 + 15r + 1)

]
e−30rF1 + F2

where

F1 = (µm + µf )(75r
2 + 15r + 1)− 30(135r2 + 29r + 2)

and

(A3) F2 = (µm + µf )(−75r2 + 15r − 1) + 30(165r2 − 31r + 2).

If males and females have the same mean age of fertility, U = 0.
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Appendix B: Maple program to calculate birth squeeze measures in
stable populations

Figure A-1: Code for Maple program to calculate birth squeeze measures in
stable populations
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Figure A-1: (Continued)

Source: Programmed by Robert Schoen.

Appendix C: Derivation of the total fertility rate and birth squeeze
index when the birth trajectory is sinusoidal

The derivation here is based on the model in Section 2. It is applicable to both male and
female TFRs, using the appropriate mean age of fertility (µ).

With the birth trajectory given by

(C1) g(t) = 2 + b sin(ωt) ,

the renewal equation can be written as

(C2) g(t) =

∫
1

2
g(t− x)R(t)f(x)dx ,

where the integral ranges over reproductive ages 15 to 45 and f(x) is the cubic density
function of Equation (1). Rearranging Equation (C2) gives

(C3) R(t) =
g(t)∫

1
2g(t− x)f(x)dx

.
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To solve for R(t), we integrate DD(t), the integral expression in the denominator
of Equation (C3) and use that value to calculate the TFR. As shown in Appendix D, the
int function in Maple yields

(C4) Rg(t) =
2 + b sin(ωt)

1 + ( b
67500ω4 )(Y (t) + V (t))

,

where Y (t) = 30ω(µg − 30) cos [ω(t− 30)] cos(15ω) + 30ω sin [ω(t− 30)] sin(15ω)
and V (t) = 2(30−µg)(1−75ω2) cos[ω(t−30)] sin(15ω)−450ω2 sin[ω(t−30)] cos(15ω).
Equation (C4) makes use of the trigonometric identities (Beyer 1978: 168)

(C5)
sinα+ sinβ = 2 sin

(
α+ β

2

)
cos

(
α− β

2

)
, sin(−α) = − sinα

cosα+ cosβ = 2 cos

(
α+ β

2

)
cos

(
α− β

2

)
, cos(−α) = cosα .

Equation (C4) simplifies considerably when µg = 30. In that case,

Rg(t) =
2 + b sin(ωt)

1 + b sin[ω(t− 30)]F

with

(C6) F =
sin(15ω)− 15ω cos(15ω)

2250ω3
.

For the birth squeeze index of Equation (8), Appendix D provides an expression for U
which, using Equation (C5), can be rearranged and rewritten to yield

U(t) =
2b(µm − µf )X(t)

67500ω4 − b(µm + µf )X(t)− 30b (W (t) + Z(t))
,

where

X(t) = cos[ω(t− 30)]
[
(1− 75ω2) sin(15ω)− 15ω cos(15ω)

]
W (t) =ω cos [ω(t− 30)] + 15ω2 sin [ω(t− 15)]
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and

(C7) Z(t) = cos[ω(t− 30)]
[
29ω cos(15ω) + 135ω2 sin(15ω)− 2 sin(15ω)

]
.

Expressions X , W , and Z are functions of w and t alone, and are independent of ampli-
tude b and the male and female mean ages of fertility.
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Appendix D: Maple program to calculate birth squeeze measures in
sinusoidal populations

Figure A-2: Code for Maple program to calculate birth squeeze measures in
sinusoidal populations
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Figure A-2: (Continued)
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Figure A-2: (Continued)

Source: Programmed by Robert Schoen.

Appendix E: Finding extreme values of birth squeeze index U when
the birth trajectory is sinusoidal

When the sinusoidal birth trajectory is given by

(E1) g(t) = 2 + b sin(ωt) ,

the birth squeeze index is the complicated expression in Equation (C7). The usual method
for finding extreme values is to take the derivative with respect to time, set that derivative
equal to zero, and find the values of t that satisfy that equation. Here, attempts to apply
that usual method were not successful.

Instead, extreme values were found by employing functional iteration on Equa-
tion (C7), with calculations done in Maple. Cycle lengths of 20, 40, 60, and 80 years
were examined, with µm = 33, µf = 27, and b = 0.3. Iteration on t continued until the
maximum and minimum values of U(t) were found, with time measured to the nearest
tenth of a year.
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Appendix F: Finding extreme values of the total fertility rate when
the birth trajectory is sinusoidal

When the sinusoidal birth trajectory is given by

(F1) g(t) = 2 + b sin(ωt) ,

the TFR is the complicated expression in Equation (C4). However, setting the mean age
of fertility (µ) equal to 30 years yields the simpler expression in Equation (C6). With
b = 0.3, Equation (C6) was examined for cycle lengths from 20 to 100.

Following the customary approach to extreme values, Maple was used to differenti-
ate Equation (C6) with respect to time, and that derivative was set equal to zero. The result
was a complicated quadratic equation. When numerically solved by Maple, it yielded the
times of the maximum and minimum TFR values, which led to finding the extreme TFR
values.

Appendix G: Finding birth squeeze index U when s is the male
proportion of births

For males, the general renewal equation can be written

(G1) g(t) =

∫
RSm(t)fm(x)s g(t− x)dx ,

where RS denotes the TFR when s is the proportion of births that are male. With g(t)
considered independent of s, it follows that

(G2)
g(t)∫

fm(x)g(t− x)dx
= sRSm(t) =

1

2
Rm(t)

and that the male TFR adjusted for the sex ratio at birth is

(G3) RSm(t) =
Rm(t)

2s
.
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Following the same procedure, the female adjusted TFR is

(G4) RSf (t) =
Rf (t)

2(1− s)
.

Thus if s > 1
2 , RSm < Rm and RSf > Rf .

Straightforward algebra in Equations (G3) and (G4) then yields

(G5) TFR2S(t) =
Rm(t)(1− s) + sRf (t)

4s(1− s)

for the adjusted TFR2 and, from Equation (G5)

(G6) Us(t) = 2
Rm(t)(1− s)− sRf (t)

Rm(t)(1− s) + sRf (t)

for the adjusted birth squeeze index.
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